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Abstract The propagation of an explosive blast wave con-
taining inert metal particles is investigated numerically using
a robust two-phase methodology with appropriate models
to account for real gas behavior, inter-phase interactions,
and inter-particle collisions to study the problem of inter-
est. A new two-phase Eulerian–Lagrangian formulation is
proposed that can handle the dense nature of the flow-field.
The velocity and momentum profiles of the gas and parti-
cle phases are analyzed and used to elucidate the inter-phase
momentum transfer, and its effect on the impulsive aspects of
heterogeneous explosive charges. The particles are found to
pick up significant amounts of momentum and kinetic energy
from the gas, and by virtue of their inertia, are observed to
sustain it for a longer time. The impulse characteristics of
heterogeneous explosives are compared with a homogeneous
explosive containing the same amount of high explosive, and
it is observed that the addition of solid particles augments
the impulsive loading significantly in the near-field, and to a
smaller extent in the far-field. The total impulsive loading is
found to be insensitive to the particle size added to the explo-
sive charge above a certain cut-off radius, but the individual
impulse components are found to be sensitive, and particles
smaller than this cut-off size deliver about 8% higher total
impulse than the larger ones. Overall, this study provides
crucial insights to understand the impulsive loading charac-
teristics of heterogeneous explosives.
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1 Introduction

Heterogeneous explosives are formed by the addition of solid
metal particles to a charge of a high explosive. The detonation
of a heterogeneous explosive results in the interplay of sev-
eral fluid-mechanic and thermodynamic parameters, thereby
complicating the underlying physics of the problem. When
a heterogeneous explosive charge is detonated, it gives rise
to an outward moving blast wave that attenuates due to the
effects of spreading. At the same time, the solid particles
pick up momentum from the gas due to drag (both viscous
and pressure drag) and are set into motion, trailing behind the
blast wave. This momentum transfer from the gas to the parti-
cles can be classified into two phases: the momentum transfer
from the gas to the particles during the detonation wave pas-
sage; and that due to the flow behind the detonation wave.
For small and/or light particles, the former can be more sig-
nificant and provide the primary acceleration mechanism at
the early time instants. Furthermore, due to the dense nature
of the flow-field, the dynamic compaction results in inter-
particle interactions in the form of collisions and direct con-
tact, which is the other driver of the particles at early times.
Subsequently, the particles, owing to their inertia, attain a
constant terminal velocity, and sustain it until they catch-up
with the attenuating leading blast wave. Some of the leading
particles penetrate the leading blast wave into the ambient
air, and then slow down due to aerodynamic drag, allowing
for the leading blast wave to again re-overtake the particle
front. Of preponderant interest is the total deliverable impul-
sive loading from such a heterogeneous charge. The total
impulse at any location from the charge will be due to both
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the gas and the particles, with the particles being the dom-
inant contributor in the near-field. However, the inter-phase
momentum transfer, inter-particle collisions, and their effect
on the impulsive loading is not properly understood, and this
study is aimed at investigating and elucidating the same.

Studies of the aforementioned physical phenomena are
limited, but there has been some experimental and numeri-
cal investigations that have provided some valuable insights.
The detonation of a heterogeneous explosive charge is char-
acterized by a detonation velocity deficit in comparison with
a homogeneous charge, as observed in experiments under-
taken by Lee et al. [1], due to the associated momentum and
energy transfer. Lanovets et al. [2] performed a numerical
study based on a two-fluid approach and reported that for a
certain range of particle size and density, the solid particles
can catch-up with the shock front and overtake it. Milne [3]
developed a mesoscale model to study detonation of a nitro-
methane charge with inert particles using a simple one step
Arrhenius kinetics, and explained the increase in detonation
failure diameter with particle size for small inert particles.
Zhang et al. [4] carried out experimental and numerical stud-
ies to obtain the shock front and the particle cloud trajectory
for a nitromethane charge containing steel particles. They
found that for spherical and cylindrical charges, the possibil-
ity of the solid particles overtaking the shock front exists, but
is highly unlikely for planar charges due to their lower atten-
uation rates. They also noted that the distance required for the
large particles to overtake the shock front strongly depends
on the charge size and material density, but weakly on the
solid volume fraction. They also concluded that a particle
size limit exists, above which the distance required for the
particles to penetrate the shock front is less sensitive to the
particle size, and below which, the distance required depends
on particle size. In another study, Zhang et al. [5] reported
that the momentum transfer from an explosive to the solid
particles during the particle crossing of the detonation front is
insignificant for heavy-metal and significant for light-metal
particles.

Some joint experimental and numerical efforts have also
been undertaken to evaluate impulsive loading from a heter-
ogeneous charge comprising of a high explosive and inert/
reacting solid particles. Frost et al. [6] carried out a com-
bined experimental and numerical study focusing on parti-
cle momentum and impulse effects of a nitromethane charge
with steel particles. They showed that the integrated parti-
cle momentum flux is larger than the gas momentum flux
by a factor of about 3–4 in the near field, and the impul-
sive load on a near-field structure was increased by a fac-
tor of 2 for a heterogeneous charge, when compared to a
homogeneous charge. Massoni et al. [7] proposed a reactive
model for aluminized explosive charges in spherical coor-
dinates. They combined an ALE method and a detonation
tracking technique, and matched blast wave parameters with

experiments for aluminized explosive charges. Ripley et al.
[8] numerically obtained velocity and temperature transmis-
sion factors, defined as the ratio of velocity and temperature,
respectively, of particle to the gas as the detonation wave
crosses the particle in a heterogeneous explosive. They iden-
tified three different regimes of interest, i.e., when the particle
size is much smaller, comparable to, and much larger than the
reaction zone thickness. Although the aforementioned stud-
ies have provided some useful insights to the complex phys-
ics involved in the problem under study, more investigation is
required to understand the impulsive loading aspects from the
detonation of heterogeneous explosives. The transient nature
of the components of the impulsive loading (i.e., due to gas
pressure, gas momentum and solid momentum fluxes) has not
been addressed by the past studies. Furthermore, the effect of
early-stage inter-particle collisions on the later-stage particle
distribution and deliverable impulsive loading requires more
detailed investigation.

In the present study, the primary interest is to understand
the blast effects from a heterogeneous explosive charge using
a two-phase formulation. Very recently, we studied the prob-
lem of homogeneous explosive charges and the associated
impulse effects, with scaling laws for the shock overpressure
and impulsive loading provided for different explosives [9].
In another recent study, we reported the effects of mixing
and hydrodynamic instabilities behind explosive blast waves
due to dilute reactive particle clouds [10]. Building on these
foundations, we hereby extend our investigation to dense het-
erogeneous explosives and the associated impulsive loading
aspects. In the current study, during the initial stage of the
detonation the particle loading is considered dense and this
effect has to be included in the modeling. Multiphase flow
modeling is not straightforward due to two primary reasons:
(1) the presence of non-conservative terms, also called “noz-
zling” terms due to their being analogous to one-dimensional
flow in a variable area duct such as a nozzle [11,12]; (2)
requirement of appropriate closure for interface pressure and
velocity. To overcome these difficulties, we use an approach
similar to the Discrete Equations Method (DEM), originally
proposed by Abgrall and Saurel [13] for dense particle phase
modeling within a two-fluid approach. The scheme is robust
in nature and can handle shock interactions with volume frac-
tion discontinuities. The basic idea behind the DEM is the
treatment of volume fraction as a piece-wise continuous var-
iable, and the evaluation of the inter-cell interfaces using dis-
tinctive Riemann problems with pure material on either side.
Chinnayya et al. [14] extended the DEM to study detonation
waves in heterogeneous energetic materials. Their method-
ology used the pure material equations of state, instead of a
mixture equation of state, highlighting the robust nature of
the DEM. Le Metayer et al. [15] extended the DEM to handle
evaporation fronts. A similar approach has been independen-
tally developed by others [16,17].
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In the original DEM used by all these authors, the gas and
solid phases were treated Eulerian in nature. In the current
approach, the solid particles are tracked using Lagrangian
tracking (to be discussed later), and this requires an exten-
sion of the DEM to an Eulerian–Lagrangian formulation. We
have chosen the use of a Lagrangian approach for the solid
particles as this enables the precise computation of parti-
cle trajectories. The differences between the original Eule-
rian–Eulerian DEM and the presently developed Eulerian–
Lagrangian DEM are also highlighted in this paper.

This study is aimed at providing insights into the fun-
damental physics of detonation processes in heterogeneous
explosives, dense particle modeling and dispersion, with a
focus on inert particles. This paper is organized as follows:
in Sect. 2, the governing equations and the numerical meth-
odology are discussed. In Sect. 3, the results and discussions
are presented for the multiphase blast wave problem, and the
underlying physics elucidated. Finally, in Sect. 4, the con-
clusions drawn from this study are presented.

2 Governing equations and numerical method

2.1 Gas phase

The gas phase Navier–Stokes equations, applicable in dense
two-phase flows in the absence of body forces are [11–14,17]

∂

∂t

⎡
⎢⎢⎣

αgρg

αgρgug,i

αgρg Eg

αgρgYg,k

⎤
⎥⎥⎦ + ∂

∂x j

⎡
⎢⎢⎣

αgρgug, j

αgρgug,i ug, j + αg pgδi j
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(
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=

⎡
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p∗ ∂αg
∂x j

δi j − τi j
∗ ∂αg

∂x j

p∗u j
∗ ∂αg

∂x j
− ui

∗τi j
∗ ∂αg

∂x j

ω̇k

⎤
⎥⎥⎥⎥⎦

+

⎡
⎢⎢⎣

ρ̇p,

Ḟp,i ,

Q̇ p + Ẇp,

Ṡp,k,

⎤
⎥⎥⎦ (1)

where αg denotes the gas phase volume fraction, ρg the den-
sity, ug,i the i th Cartesian component of velocity, Eg the
total specific energy given by the sum of the internal (eg) and
kinetic energies, eg + 1

2 ug,i ug,i , and Yg,k the mass fraction
of the kth species. The stress tensor is denoted by τg,i j , the
j-direction heat flux by qg, j , the j-component diffusion
velocity by Vg, j , and the chemical production of the kth
species by ω̇k . Since the problem of interest involves high
speed flow, the diffusion time scales are generally at least an
order of magnitude higher than the convective time
scales. Thus, the diffusion terms, viz. qg, j , τg,i j and Vg, j are

neglected in this study, following previous approaches [4,12].
However, viscosity and thermal conductivity play a role in
the computation of the inter-phase interaction terms (also
called coupling terms or relaxation terms).

In Eq. (1), p∗ and ui
∗ denote respectively, the pressure

and i th component of velocity at the interface between the
two phases. The interface stress tensor is denoted by τi j

∗,
and is neglected using the same assumption that diffusion
time scales are large for the present problem under study.
The last term on the right hand side identifies the inter-phase
coupling terms: mass transfer ρ̇p, i th component momen-
tum transfer Ḟp,i , heat transfer Q̇ p, work transfer Ẇp, and
chemical production of kth species Ṡp,k . These terms are
evaluated using Lagrangian tracking of solid particles, and
are discussed shortly. The problem under study is character-
ized by high pressures and densities, and thus the use of the
perfect gas equation of state for the detonation products will
not accurately predict the behavior of the flow-field. To this
end, explosives are modeled using a real gas assumption.
Although many real gas models exist in literature, we use
the Jones–Wilkins–Lee (JWL) equation of state for the det-
onation products in this study. The JWL equation of state is
further simplified by using the constant specific heat at con-
stant volume (Cv) approach [18] to obtain a thermal form of
the equation of state, given as

pg = A exp

(−R1ρo

ρg

)
+ B exp

(−R2ρo

ρg

)
+ ωρgCvTg,

(2)

where Tg denotes the gas temperature; A, B, R1, R2 and
ω denote JWL constants, and ρo, the explosive density [19].
The JWL equation of state becomes asymptotic to the perfect
gas equation of state at low densities.

Since the problem under study involves a high speed flow,
a shock capturing scheme is essential to accurately capture
the blast wave and the discontinuities involved in the flow-
field. Here, we use the MUSCL (Monotone Upstream-cen-
tered Schemes for Conservation Laws) approach [20], due
to its well established robustness. For computing the fluxes
at inter-cell interfaces, we use the HLLC approximate Rie-
mann solver [20]. Since we do not use a grid aligned along
the Cartesian axes, the approach of Batten et al. [21] is used
to compute the HLLC fluxes, applicable for a generic grid.
Several canonical studies have been undertaken to study the
ability of the solver to handle discontinuities. In particular,
the classical Sedov’s point explosion [20] and appropriate
problems from [22] have been considered, not presented here
for brevity. The solver predicts sharp interfaces; in particu-
lar, shocks are captured with about three cells, and contact
surfaces with about five cells, which we believe is reason-
able with the MUSCL approach. Furthermore, the Discrete
Equations Method (DEM) [13–15] is used to account for
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the dense particle loading, and will be discussed in detail in
Sect. 2.3.

2.2 Solid phase

For the solid phase, Lagrangian tracking is used to compute
the particle velocity vector (u p,i ) from the forces acting on
a particle. Since the number of particles to be tracked can
be very large under some scenarios, the concept of parcel is
employed [23]. Here, a parcel represents a group of parti-
cles, each corresponding to the same position and velocity
vectors, and temperature. The number of parcels is chosen
based upon various factors such as computational cost and
available memory, while the number of particles assigned to a
parcel is chosen based upon the desired volume fraction/mass
loading. The particle position vector (x p,i ) is obtained from
the velocity vector. These equations are summarized below
for the circumstance involving no inter-phase mass transfer:

dx p,i

dt
= u p,i , (3)

m p
du p,i

dt
= π

2
rp

2CDρg|ug,i − u p,i |
(
ug,i − u p,i

)

− 4

3
πrp

3 ∂pg

∂xi
+ m p Ac,i , (4)

where m p is the particle mass, rp is the particle radius, and
Ac,i is the i-component of net acceleration/deceleration on a
particle due to inter-particle collisions [23,24]. The particle
mass m p is obtained as 4/3πrp

3ρp, where ρp is the solid par-
ticle material density. In the above equation, CD represents
the effective drag coefficient and is usually expressed as an
empirical function of Reynolds number (Re), Mach number
(M) and solid volume fraction (αp). Several different drag
laws have been proposed in literature, each being unique to a
specific multiphase problem. To the best of our knowledge,
no universally accepted drag law available in literature is
applicable for all kinds of multiphase problems, e.g., dilute
and dense particle fields or high and low speed flow. Thus,
we will use different drag laws for different problems in this
paper, depending on the regime of application. In Eq. (4), we
have neglected other forces acting on the particles, such as
Saffman lift, Magnus lift, gravity, Basset force and Coriolis
effects [25], based on an order of magnitude analysis. Most
of these terms were also neglected in the numerical analysis
undertaken in [4] of the heterogeneous explosive problem
currently under study.

Due to the dense nature of the problem, the inter-parti-
cle interaction has to be accounted for. To this end, Snider’s
collision model [23,24] is used to compute the inter-particle
collision acceleration/deceleration (Ac,i ). This inter-particle
collision acceleration/deceleration is as a result of the con-
stant collision/contact between particles, which cannot be
neglected for the high solid volume fractions involved in the

problem under study. This term arises due to the dynamic
compaction of the flow-field in the vicinity of the solid par-
ticles. More details on the physics of dynamic compaction
can be found elsewhere [11,26]. For the collision/contact
model used in this study (and in [23,24]), the stress due to
inter-particle collision is obtained as an empirical function
of the solid volume fraction only, similar to the approaches
used in [11,26]. Other researchers have used an empirical
model where the granular-stress is a function of both the
solid volume fraction and solid material density [12,27]. In
the present study, the model proposed by [23,24] is chosen,
as this is applicable for an Eulerian–Lagrangian formulation,
unlike the others mentioned.

The stress due to inter-particle interaction is generally high
when the particle cloud is dense, as the interactions between
contiguous particles are more pronounced for denser clouds.
As the particle cloud expands outwards, the cloud density
decreases, thereby resulting in fewer inter-particle interac-
tions. Subsequently, as the solid particles have significantly
expanded outwards, the particle cloud tends to the dilute limit
(in terms of solid volume fraction), and the inter-particle
interaction becomes negligible. These physical interactions
are accounted for in the present model by an empirical func-
tion of the solid volume fraction, αp. In the collision/contact
model used, the inter-particle force is obtained from the inter-
particle stress (τ ) given by [23,24]

τ = Psαp
β

αcs − αp
, (5)

where Ps (units of pressure) and β are model coefficients,
and αcs is the solid volume fraction at close packing. The
particle acceleration/deceleration due to inter-particle colli-
sion is obtained as a gradient of the inter-particle stress using
the equation

Ac,i = − 1

αpρp

∂τ

∂xi
. (6)

In this inter-particle collision/contact model, the inter-parti-
cle stress and acceleration are assumed to be independent of
particle size and velocity, as done so in other models [11,
12,26,27]. The heat transfer between the two phases is esti-
mated assuming only convection and neglecting radiation,
and is used to obtain the particle temperature (Tp)

m pC p
dTp

dt
= 2πrpκg Nu

(
Tg − Tp

)
, (7)

where C p is the specific heat of the solid particle and κg

is the thermal conductivity of the gas phase. The Nusselt
number (Nu) is typically expressed as empirical functions
of Reynolds number and Prandtl number in the literature.
We have neglected other terms in the particle temperature
equation like the “added mass” and the “history integral”
terms [28]. The particle–particle collision model could, in
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theory, also play a role in the particle temperature equation.
Particle collisions can cause velocity fluctuations, and this
can give rise to the so called “granular temperature.” This
granular temperature is due to shear in particle collisions,
during which energy dissipation can occur due to inelastic
collisions [25]. This effect is neglected for the time being,
with the assumption that convection is the only dominant
heat transfer mechanism between the two phases. The sys-
tem of governing equations for the solid phase are solved
using a fourth order Runge-Kutta scheme to obtain the solid
particle position vector, velocity vector and temperature.

The coupling terms that appear on the right side of the
gas phase governing equations, Eq. (1) are obtained by vol-
ume averaging over all the particles/parcels in a finite volume
(V ol) and are summarized as follows (without mass transfer)

Ḟp,i = 1

V ol

N∑
n=1

n p,n

[
π

2
r2

p,nCD,nρg,n|u p,i,n − ug,i,n|

× (
u p,i,n − ug,i,n

) + 4

3
πr3

p,n
∂pg,n

∂xi

]
, (8)

Q̇ p = 1

V ol

N∑
n=1

n p,n
[
2πrp,nκg,n Nun

(
Tp,n − Tg,n

)]
, (9)

Ẇp = 1

V ol

N∑
n=1

n p,n

[
π

2
r2

p,nCD,nρg,n|u p,i,n − ug,i,n|

×(
u p,i,n −ug,i,n

)
u p,i,n + 4

3
πr3

p,n
∂pg,n

∂xi
u p,i,n

]
, (10)

where N is the total number of parcels in a finite volume cell
and n p is the number of particles per parcel. The subscript
n is used to denote the nth particle; when used for a gas-
phase variable, it represents the value of the gas-phase vari-
able at the location of the nth particle. Equation (10) involves
a repetition of the tensor index i , and is thus obtained as a
summation of three terms (in three dimensions). Since no
inter-phase mass transfer is assumed in this study, ρ̇p and
Ṡp,k are neglected in Eq. (1).

2.3 Discrete equations method (DEM)

2.3.1 Formulation

The problem under study involves the presence of a dense
cloud of solid particles where finite volumes are occupied
by both phases, thereby necessitating the use of a multiphase
model. To this end the Discrete Equations Method (DEM)
[13–15] is used in the present study—a robust multiphase
method well suited for multiphase flows involving shocks
and solid particles. The basic idea behind the method starts
with the representation of the volume fraction field as piece-

Fig. 1 Volume fraction field representation in DEM. The schematic
shows how a discrete particle field can be represented as a piecewise
continuous volume fraction variable for flux computation

wise continuous, typical in any Godunov scheme. This is
shown in Fig. 1 for three cells containing different number
of particles, and therefore different volume fractions, before
applying the MUSCL reconstruction, i.e., first order repre-
sentation.

Following the methodology outlined in [13,14], we derive
the DEM approach in three dimensions, although it was
originally proposed in two dimensions. First we derive the
approach applicable for a Cartesian grid, and later extend
to non-Cartesian grids. While the original DEM proposed
by Abgrall and Saurel [13] is Eulerian for both the carrier
and dispersed phases, the current research effort involves the
extension of the Eulerian–Eulerian (EE) DEM to an Euleri-
an–Lagrangian (EL) formulation. In our formulation, since
the exact distribution of particles in space is known at every
time instant due to the Lagrangian tracking of the particles,
we do not need a separate volume fraction equation as used in
the EE DEM. Thus, the solid volume fraction, αp, is obtained
by volume averaging each finite volume cell; the gas volume
fraction field is then obtained as αg = 1 − αp. In addition,
our approach differs from [13,14] in the sense that we use
the DEM approach to only compute the gas-phase fluxes, as
the solid-phase is solved for by means of Lagrangian track-
ing. Moreover, we treat the solid phase to be incompressible
in the EL DEM. The gas-phase governing equations at the
microscopic scale in 3D can be summarized as:

∂W

∂t
+ ∂ F

∂x
+ ∂G

∂y
+ ∂ H

∂z
= 0, (11)

where

W = (
ρg, ρgug, ρgvg, ρgwg, ρg Eg, ρgYk

) T ,

F =
(
ρgug, ρgug

2 + pg, ρgugvg, ρgugwg,

(
ρg Eg + pg

)
ug, ρgugYk

)
T ,

G =
(
ρgvg, ρgugvg, ρgvg

2 + pg, ρgvgwg,

(
ρg Eg + pg

)
vg, ρgvgYk

)
T ,
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H =
(
ρgwg, ρgugwg, ρgvgwg, ρgwg

2 + pg,

(
ρg Eg + pg

)
wg, ρgwgYk

)
T , (12)

for the continuity, x-momentum, y-momentum, z-momen-
tum, energy and kth species equations, respectively.

We define an indicator function, λ, that takes the value 1 in
regions of gas, and 0 otherwise. Following [14], this function
obeys the equation

∂λ

∂t
+ u∗ ∂λ

∂x
+ v∗ ∂λ

∂y
+ w∗ ∂λ

∂z
= 0, (13)

where u∗, v∗ and w∗ denote respectively, the local interface
velocities in the x , y and z directions. This equation vanishes
for points within either of the phases, and is non-vanishing
only at points located at multiphase interfaces. Combining
these equations by integrating in time and space, results in
the following for a cell Ci jk :

�t∫

0

∫

Ci jk

(
∂(λW )

∂t
+ ∂(λF)

∂x
+ ∂(λG)

∂y
+ ∂(λH)

∂z

)
dV dt

=
�t∫

0

∫

Ci jk

(
(F − u∗W )

∂λ

∂x
+ (G − v∗W )

∂λ

∂y

+ (H − w∗W )
∂λ

∂z

)
dV dt, (14)

where dV = dx dy dz. In the above equation, the left-hand
side denotes the conservative fluxes, and the right-hand side
denotes the non-conservative fluxes. The non-conservative
terms arise only at multiphase interfaces and are obtained
from the uniform interface velocity assumption, and will be
(for a Cartesian grid)

F − u∗W = (
0, p∗, 0, 0, p∗u∗, 0

)T
,

G − v∗W = (
0, 0, p∗, 0, p∗v∗, 0

)T
, (15)

H − w∗W = (
0, 0, 0, p∗, p∗w∗, 0

)T
.

The above expression is strictly valid only when no inter-
phase mass transfer is involved. When mass transfer is to be
accounted for, the procedure outlined in [15] is better suited.

The different integrals from Eq. (14) that need to be eval-
uated are:

I1 =
�t∫

0

∫

Ci jk

∂(λW )

∂t
dV dt

I2 =
�t∫

0

∫

Ci jk

∂(λF)

∂x
dV dt (16)

I3 =
�t∫

0

∫

Ci jk

(
F − u∗W

) ∂λ

∂x
dV dt

for the temporal term, x-direction conservative and non-con-
servatives, respectively, and similar expressions for fluxes in
the y and z directions. For the remainder of the formulation,
we present these expressions only for the x-direction fluxes,
with the expressions being similar in mathematical form for
the y- and z-directions. Following the approach outlined in
[14], these integrals can be approximated as

I1 =
∫

Ci jk

(
(λW )n+1 − (λW )n

)
dV

=
(
(λW )i jk

n+1 − (λW )i jk
n
)

�x�y�z, (17)

for the temporal term and

I2 =
�t∫

0

zk+1/2∫

zk−1/2

y j+1/2∫

y j−1/2

xi+1/2∫

xi−1/2

∂(λF)

∂x
dV dt

=
�t∫

0

zk+1/2∫

zk−1/2

y j+1/2∫

y j−1/2

(
(λF)i+1/2 − (λF)i−1/2

)
dS dt, (18)

for the x-direction conservative flux, where dS = dy dz. To
compute I2, the flux is obtained as a surface average. Observ-
ing Fig. 1, it is deduced that the inter-cell interface at i +1/2
and i − 1/2 can be constructed as a series of smaller inter-
faces, i.e., three out of four different possible scenarios, viz.
gas–gas (g − g), gas–solid (g − s), solid–gas (s − g) and
solid–solid (s − s), where ‘gas–solid’ refers to a state of gas
on the left and solid on the right. This is made possible due to
the piecewise representation of the volume fraction field. The
total gas flux passing through the surface area at i + 1/2 or
i −1/2 is obtained as a summation over each of these smaller
interfaces. For instance, at i − 1/2, the total flux integrated
from j − 1/2 to j + 1/2 and k − 1/2 to k + 1/2 is obtained
as follows

zk+1/2∫

zk−1/2

y j+1/2∫

y j−1/2

(λF)i−1/2dS

= λ∗
i−1/2 F∗

i−1/2(g − g)Sg−g

+λ∗
i−1/2 F∗

i−1/2(g − s)Sg−s

+λ∗
i−1/2 F∗

i−1/2(s − g)Ss−g

+λ∗
i−1/2 F∗

i−1/2(s − s)Ss−s, (19)

where the subscripts g and s denote the gas and solid, respec-
tively. We introduce the ‘*’ superscript to denote interface
quantities. Here, λ∗ denotes the indicator function, which
is obtained from the sign of the interface velocity (u∗); the
interface surface areas Sg−g , Sg−s , etc. are obtained using
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Table 1 Conservative flux at
cell interface i − 1/2 Contact type Contact surface Indicator function, λ

Gas–gas S min(αi−1 ,αi ) 1

Gas–solid S max(αi−1 − αi , 0) 1 if u∗ ≥ 0; 0 otherwise

Solid–gas S max(αi − αi−1 , 0) 1 if u∗ < 0; 0 otherwise

Solid–solid S min(1 − αi−1 , 1 − αi ) 0

the gas volume fraction. These expressions are summarized
in Table 1 for the cell interface at i − 1/2, where S denotes
the inter-cell area, α is the gas volume fraction, and u∗ is the
interface velocity. Note that the last row of Table 1 corre-
sponds to the solid phase on both sides of the interface; the
indicator function is zero as no gas flux can flow through the
interface with solid on either side.

At gas–solid contacts, the indicator function is based on
the sign of the interface velocity, which decides whether the
flux of gas is permissible through the local interface. For con-
servative fluxes, the gas flux can be flowing either inside or
outside the cell, depending on the sign of the indicator func-
tion. When the multiphase interface is blocking the flow of
gas, the indicator function is zero. Note that the conserva-
tive flux consists of the convective and the pressure fluxes;
since they are together computed from the Riemann solver,
the sign of the interface velocity decides whether or not both
fluxes have to be computed. The underlying reason behind
the splitting of the cell interfaces into different pairs in the
flux computation with the DEM is that the Riemann problem
is different when gas exists on both sides of the interface,
as opposed to gas on one side and solid on the other. If a
pressure wave approaches an interface, part of the momen-
tum and energy is reflected and part of it transmitted; the
exact amounts that are reflected and transmitted will be dif-
ferent when the interface consists of gas on either side, or
gas on one side and solid on the other. This is due to differ-
ent compressibilities of the two phases under consideration,
and thus the splitting of cell interfaces into a combination
of different Riemann problems, as first proposed in the EE
DEM [13], is essential to accurately use the appropriate Rie-
mann solver in the evaluation of the total flux crossing the
cell interface.

The same approach for flux computation is used at the
location i + 1/2. The y- and z-direction conservative fluxes
are similar in form to I2 and are thus not shown here for
brevity. To obtain the non-conservative flux I3, we use the
following expression

I3 =
�t∫

0

zk+1/2∫

zk−1/2

y j+1/2∫

y j−1/2

[(
F − u∗W

)
i−1/2[λ]i−1/2

+(
F − u∗W

)
i+1/2[λ]i+1/2

]
dS dt

+
�t∫

0

zk+1/2∫

zk−1/2

y j+1/2∫

y j−1/2

(
F − u∗W

)
i [λ]i dS dt, (20)

where the subscripts i − 1/2 and i + 1/2 denote the multi-
phase interfaces at the cell boundary, and i denotes the inter-
nal interfaces; the boundary and internal terms are evaluated
separately. Following the approach outlined in [14], the non-
conservative term at i − 1/2 is evaluated as

zk+1/2∫

zk−1/2

y j+1/2∫

y j−1/2

(
F − u∗W

)
i−1/2[λ]i−1/2dS

= [λ∗]i−1/2
(
F∗ − u∗W ∗)

i−1/2(s − g)Ss−g

+[λ∗]i−1/2
(
F∗ − u∗W ∗)

i−1/2(g − s)Sg−s . (21)

In the above expression, [λ∗] represents the jump in the
indicator function, and is summarized in Table 2 at the cell
interface i − 1/2. The same approach is used to compute the
non-conservative term at i+1/2. Note that at the cell interface
i − 1/2, the non-conservative flux will have to be computed
for the cell i only if the multiphase interface velocity (u∗) is
positive; otherwise, it has to be computed for the cell i − 1.
Furthermore, the non-conservative flux will be computed at
the interface i + 1/2 for the cell i only if the interface veloc-
ity is negative; otherwise it will be computed for cell i + 1.
These terms in the y- and z-directions are similar in form to
I3 and are thus not shown here for brevity.

To compute I3, the only term that remains to be addressed
is the last integral in Eq. (20), which corresponds to inter-
nal interfaces–these terms represent the relaxation/coupling
terms. The significance of the relaxation terms are that when
the two phases are not in mechanical or thermal equilibrium,
the relaxation terms tend to drive the flow-field such that the
two phases tend toward equilibrium, albeit with finite time
scales. In the EE DEM, the non-conservative fluxes at the
internal interfaces (relaxation terms) were computed by using
the Riemann solver and summing up over all the internal
interfaces [14]. Our formulation differs from the EE DEM
in the sense that we also consider viscous effects, i.e., the
total drag (viscous + pressure) and heat transfer, for which
we use empirical correlations (Sect. 2.2). In doing so, we can
account for spherical particles inside the finite volume, unlike
the original EE DEM, which was formulated for square par-
ticles [14]. One similarity between the evaluation of these
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Table 2 Non-conservative flux
at cell interface i − 1/2 Contact type Contact surface Jump in indicator function, [λ]

Gas–gas S min(αi−1 ,αi ) 0

Gas–solid S max(αi−1 − αi , 0) −1 if u∗ ≥ 0; 0 otherwise

Solid–gas S max(αi − αi−1 , 0) 1 if u∗ ≥ 0; 0 otherwise

Solid–solid S min(1 − αi−1 , 1 − αi ) 0

terms between the EE DEM and the EL DEM is that they are
obtained as a summation over all the particles present in a
given cell.

2.3.2 Interface closure

Since the flux estimation in DEM involves knowledge of the
interface velocity precisely (refer to Tables 1, 2), only con-
tact surface based Riemann solvers, such as the HLLC and
the Roe scheme [20] can be used; in the current study, we
use the HLLC Riemann solver for flux estimation. While the
inter-cell flux is obtained in the conventional way at gas–gas
contacts, for the gas–solid contacts we solve a half-Riemann
problem [29], due to the incompressible solid assumption.
By a half-Riemann problem, we refer to a condition when
the shock or rarefaction propagates only on one side of the
inter-cell interface, i.e., the side of the gas. Since the solid par-
ticles are incompressible, the interface velocity at gas–solid
contacts is equated to the mass-weighted average velocity of
all the solid particles in the cell corresponding to the side of
the solid, given as

ui
∗ =

∑N
n=1 m p,nu p,i,n∑N

n=1 m p,n
. (22)

This is obtained from the assumption that continuity in veloc-
ity exists near gas-solid contacts. The conservative and non-
conservative fluxes at multiphase contacts are computed
using this solid particle velocity based interface velocity.
When all the particles in a cell have the same mass, the inter-
face velocity is the arithmetic average of all the solid particle
velocities. Although we will investigate only mono-disperse
particle size distributions in this study, the current formula-
tion can be easily extended to handle a varying particle size
distribution. This is made possible by using an appropriate
particle mass (dependent on size) for each particle in a cell
in the mass-weighting computation of ui

∗ (Eq. 22).
For the non-conservative flux computation, both interface

pressure and velocity needs to be known, as can be perceived
from Eq. (15). We have demonstrated the interface velocity
computation (Eq. 22); now we present the interface pres-
sure computation. The interface pressure (p∗) is obtained
accordingly, depending on a compression or rarefaction at
the two-phase interface. Comparing the velocities of the gas
and solid particles, it can be deduced whether the interface
corresponds to a state of compression or rarefaction. For

compression, the interface pressure is obtained using shock
and Rankine–Hugoniot relations; for rarefaction, isentropic
relations and Riemann invariants are used. These expres-
sions are summarized in Appendix A. Thus, two equations
are solved numerically to obtain two variables, i.e., inter-
face pressure and density, with the interface velocity known.
Once the interface variables have been computed, the con-
servative and non-conservative fluxes can be evaluated fol-
lowing the DEM approach. Another approach to obtain the
interface pressure, more simpler in nature, is the use of an
acoustic analogy [14]. For a multiphase interface with gas
to the left and solid to the right, the acoustic analogy gives
the expression for the interface pressure (assuming incom-
pressible solid) p∗ = pl −ρl cl(ul −u∗), where the variable c
denotes the speed of sound, and the subscript l denotes the left
gas state. On the other hand, the corresponding acoustic anal-
ogy expression for a multiphase interface with gas to the right
and solid to the left will be p∗ = pr + ρr cr (ur − u∗), where
the subscript r denotes the right gas state. Very recently, the
effect of using different interface pressure closures in the EE
DEM was addressed [30].

2.3.3 Non-cartesian grids

The DEM formulation presented until now is applicable only
for a Cartesian grid; we now discuss the modifications
involved to extend the formulation to non-Cartesian grids.
For a grid not aligned along the Cartesian axes, the interface
velocity is the contravariant velocity (denoted hereafter as
q∗), and is obtained at the gas–solid contact as q∗ = ui

∗ni ,
where ni denotes the direction cosines of the outward normal
at the interface. This is analogous to obtaining the left and
right velocities in the pure-gas (single phase) Riemann solver,
in which the direction cosines of the outward normal are
used to estimate the interface velocity using the left and right
velocity components [21]. From the same reference for the
single phase Riemann solver, variables ql and qr are defined
as ql = ulnx + vlny + wlnz and qr = ur nx + vr ny + wr nz ,
where the subscripts l and r denote the left and right states,
respectively; u, v and w denote respectively, the velocity
components in x , y and z; nx , ny and nz represent the direc-
tion cosines of the outward normal at the interface in x , y and
z, respectively. Subsequently, the authors of [21] use ql and
qr in the Riemann solver so as to obtain the flux at an inter-
face for the single phase Riemann problem, whose outward
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normal is not aligned to the regular Cartesian directions. The
flux function for the HLLC Riemann solver applicable for a
generic grid is slightly different, as outlined in [21]. We have
extended the same approach to define the interface veloc-
ity at gas-solid contacts for the Riemann solver in the two-
phase problem with the formula q∗ = u pnx +vpny +wpnz ,
where u p, vp and wp denote respectively, the x , y and z
components of the solid particle velocity obtained from mass-
weighted averaging (Eq. 22). For any generic grid, the conser-
vative fluxes (Table 1) are obtained using the HLLC Riemann
solver as outlined in [21]. The mathematical expression of
the conservative HLLC flux function is the same at gas–
gas and gas–solid contacts, but the only difference being
the definition of the interface velocity, q∗ at the type of
the contact. For a gas-gas contact, q∗ is obtained from the
Riemann solver, while for a gas-solid contact, it is obtained
from mass-weighted averaging of the solid particle velocities
(Eq. 22).

It is noteworthy of mention that a half-Riemann problem
at a gas–solid contact can be treated to be equivalent to a
full-Riemann problem with the solid state replaced with a
modified ‘ghost’ gas state with the same pressure and den-
sity as the side of the gas, but with the negative of the velocity
augmented with twice the solid velocity. Substituting these
left and right states in the HLLC interface velocity equation,
it can be easily shown that the interface velocity for this mod-
ified Riemann problem equals the solid velocity, even for a
non-Cartesian grid.

For the non-conservative flux computation applicable for
a non-Cartesian grid, the computation of Eq. (20) is not triv-
ial as the integrand is in a non-conservative form. How-
ever, in our formulation we compute this term only at the
cell boundaries, i.e. not in the interior, which simplifies the
computation. We use the interface pressure and interface
velocity to compute the non-conservative fluxes. For a grid
not aligned along the Cartesian axes, the non-conservative
fluxes are obtained as p∗nx , p∗ny and p∗nz , respectively
for the x , y and z momentum equations [16]. For the energy
equation, the corresponding non-conservative flux will be
p∗q∗, where, as mentioned before, q∗ is obtained as q∗ =
u pnx+vpny+wpnz . This is analogous to the consideration of
three surface areas Snx , Sny and Snz at an inter-cell interface
whose surface area is S, aligned along x , y and z directions,
respectively. The non-conservative fluxes are computed at
each of these three interfaces, multiplied by the appropriate
surface areas and the jump in the indicator functions (see
Table 2), and then included in the finite volume methodol-
ogy. This term, which is Eq. (20) evaluated at the boundary
will be (0, p∗nx , p∗ny, p∗nz, p∗q∗, 0)T [λ](S�α), in 3D for
the continuity, x , y, and z momentum, energy and kth spe-
cies equations, respectively. The rules for obtaining [λ] and
(S�α) are summarized in Table 2. Note that [λ] = +1 or
−1 decides whether the flux is entering or leaving the cell.

Fig. 2 When to compute conservative and non-conservative fluxes for
cell (i, j, k). The arrow denotes the direction the interface has to move
to have a non-zero gas flux entering or leaving the middle cell. The
white regions denote the space available for the gas; the grey regions
denote the space occupied by the solid particles

2.3.4 Summary

To summarize this formulation, Fig. 2 shows the volume frac-
tion representation across three contiguous cells. The arrows
denote the direction to which the interface has to move so
that the gas-phase flux needs to be computed for the middle
cell. For interfaces with gas on either side, the conservative
flux is non-zero for any direction of the movement of the
interface. For interfaces with gas on one side, and solid on
the other, the conservative flux is non-zero if and only if
the interface moves in a direction such that the flow of gas
is permissible (either entering or leaving the cell). Further-
more, the non-conservative fluxes are non-zero if and only
if the gas-solid contact moves in a direction such that the
cell-interface is not blocked. Note that the arrow directions
shown for the non-conservative flux in Fig. 2 are applicable
only for cell (i, j, k); if the arrows are reversed for the non-
conservative flux computation shown in Fig. 2, these terms
will not be accounted for cell (i, j, k), but will be considered
for the other cells (i − 1, j, k) or (i + 1, j, k), as the case
may be. The rules outlined in Table 1 are used for computing
the conservative fluxes, and those in Table 2 to compute the
non-conservative fluxes.

The DEM approach is used to compute the fluxes in all
the three directions, i.e., x , y and z. To compute the fluxes in
y, the cells aligned along the y directions, i.e., (i, j − 1, k),
(i, j, k) and (i, j +1, k) are considered and the piecewise lin-
ear representation of the volume fraction field (using MUS-
CL) is constructed along the y-direction this time. The same
methodology mentioned hitherto is used this time to compute
the fluxes in the y-direction, similarly for the fluxes in the
z-direction. Thus, the piecewise linear representation of the
volume fraction field is so constructed, depending on whether
the flux computation is along x-, y- or z-direction. Further-
more, due to the presence of a volume fraction gradient within
the cell (due to MUSCL reconstruction), an additional term
has to be included in the finite volume formulation [13].
This term arises in the computation of the non-conservative
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flux for the second-order scheme due to the presence of
a volume fraction gradient within the cell. This term (in
x-direction) is computed using the gas volume fractions to
the immediate left of the i + 1/2 interface and to the right
of the i − 1/2 interface, which are obtained from MUSCL
reconstruction. The origin of this term and its precise math-
ematical form are well explained in [30].

The major advantage of the EL DEM over the EE DEM is
that the treatment of the dispersed phase to not be in contin-
uum, enables the precise estimation of particle trajectories.
However, the EL DEM suffers a major drawback over its
counterpart. The EL DEM will not be applicable to mul-
tiphase problems where αp → 1, since this would violate
continuum assumption required for flux computation and
equation of state usage. Thus, the EL DEM is not suited
for multiphase simulations such as liquid jet breakup, under
water explosions, shock bombardment into compressible
materials, etc. For these problems, the EE DEM is better
suited. Problems involving αp less than, say 0.7, such as the
problem under investigation, and the problem of detonation
propagation through a dense cloud of solid particles are well
suited for study with the EL DEM. For the proper application
of EL DEM, the maximum allowable value of αp is currently
under investigation.

2.4 Initial detonation profile

The initial detonation profiles are obtained based on a
one-dimensional simulation employing the Gas-Interpolated-
solid-Stewart-Prasad-Asay (GISPA) method for the detona-
tion process [31]. This method permits time-accurate
simulation of detonation from the time of the initial shock
through the completion of the explosive burn. The GISPA
method is robust, as emphasized by its ability to capture
the reaction zone as well as the Von Neumann spike. In
the GISPA method, the Euler equations are solved in a one-
dimensional radial coordinate system using the progress var-
iable approach [32]. We have extended the same method to
include solid particles, along with appropriate reaction rates
and equations of state for the condensed explosive and the
detonation product gases. Recently [9], we have applied the
GISPA method to study detonations in homogeneous explo-
sives, and have provided some critical validation studies of
our algorithm.

The initialization of the detonation profile within the ini-
tial charge is critical to the problem under study. This process
is complicated by the fact that our detonation algorithm is
not yet adapted for dense collections of metal particles. In
order to achieve a proper initialization, we must compensate
for this theoretical shortfall. We propose two approaches as
remedies for this problem: (i) based upon the limited avail-
ability of data, we may scale the pure explosive detonation

conditions by appropriate factors, especially for the parti-
cles, or (ii) we may scale the detonation energy based upon
the ratio of the mass of energetic material to metal mass.
The former method tends to work well if there is a sufficient
body of data; the latter method is robust and more generally
applicable. Since there is very little data available for het-
erogeneous explosives at the onset of detonation, we have
chosen to implement method (ii) for this study.

The detonation initialization based on the GISPA met-
hod differs from other ways of initialization, such as “pro-
grammed burn” [33], and constant volume explosion [4]. In a
programmed burn, the detonation wave speed must be known
a priori, and is usually a function of the detonation wave cur-
vature. In the constant volume explosion initialization, the
flow field is assumed constant inside the explosive charge,
and so the early momentum transfer from the gas to the
particles can be erroneous. On the other hand, the GISPA
algorithm is based on first principles, and therefore, the ini-
tialization is expected to be more realistic.

The initial detonation profiles as predicted by the GISPA
algorithm, corresponding to a 11.8 cm diameter explosive
charge comprising of Nitromethane (NM) and 463 µm steel
particles, initially occupying 62% by volume of the charge
(as used in [4]) is shown in Fig. 3 as the detonation wave
reaches the outer periphery of the charge. Also shown are
the profiles for a homogeneous 11.8 cm diameter NM charge
for comparison. As observed, the pressure and velocity pro-
files for the heterogeneous charge (NM/Fe) show a deficit
as compared with the homogeneous charge (NM), due to the
absorption of momentum and energy by the particles in the
former. Furthermore, the particles are also observed to attain
a significant velocity, albeit lower than the gas. Based on a
numerical study presented by Ripley et al. [8], the velocity
transmission factor (defined as the ratio of the particle to gas
velocities as the detonation wave crosses the particle) is about
0.42 when the particle size is comparable to the reaction zone,
and is about 0.34 when the particle size is much larger, both
corresponding to a volume fraction of 62%. Interestingly, the
ratio of the peak solid particle velocity as predicted by the
GISPA algorithm to the gas velocity at the Chapman–Joug-
uet (CJ) point is in this range. It is also interesting to note
that the Taylor wave behind the leading detonation front is
observed to cause flow reversal (gas) near ∼0.03 m radial
location for the NM/Fe charge.

Since the GISPA uses a progress variable approach, the
detonation products are treated as a single species. Subse-
quently, the one-dimensional detonation profiles from the
GISPA are extrapolated to the three-dimensional grid, and
the detonation products are replaced by a mixture of CO, N2,
H2O and H2, with their mass-fractions obtained from the bal-
anced chemical equation CH3NO2 (nitromethane) → CO + 1

2
N2 + H2O + 1

2 H2.
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Fig. 3 Initialization for the detonation simulations involving homoge-
neous (NM) and heterogeneous (NM/Fe) explosive charges: a pressure
and b velocity

3 Results and discussion

The simulation code is a well established solver suited for
DNS/LES of combustion/turbulent multiphase flows [9,10,
34]. The solid phase solver, DEM and the JWL equation of
state are new additions to the hydrocode, and thus, many
canonical studies have been completed to establish the accu-
racy of the new algorithms. Some key results of these studies
are presented in Appendix B.

3.1 Detonation in a heterogeneous explosive

Detonation studies from the experiments of Zhang et al. [4]
are simulated here. A heterogeneous charge of 11.8 cm dia.
containing nitromethane and steel particles is considered.
A range of particle sizes are studied. For the initial study, steel
particles of 463 µm dia, randomly distributed and occupying
62% of the total charge volume is studied. Simulations are
carried out using a spherical sector grid 2.4 m long (r ), and
20◦ in the azimuth (θ ) and zenith (φ) directions, with a grid
resolution of 1000 × 10 × 10. Other grid resolutions have

also been considered, and the results were similar. We use
free-slip boundary conditions along the azimuth and zenith
directions, and a supersonic outflow at the outer plane. The
drag law and Nusselt number correlations of Akhatov and
Vainshtein [27] are used for this study. This drag law pre-
dicts a drag coefficient (CD) dependent on αp and Reynolds
number, Re; our computations show that CD is as high as 4
for the particles in the near-field owing to the dense nature
of the flow, and decreases to 0.42 − 0.5 in the far-field as the
flow transitions to the dilute regime.

The Snider’s model [23,24] coefficient, Ps is chosen as
500 MPa, based on an order of magnitude analysis compar-
ing collision and drag forces on a particle (see further discus-
sions below). For the solid volume fraction range applicable
to the current study, the chosen value of Ps (500 MPa) results
in inter-granular stresses lower than the ultimate strength of
steel, i.e., the maximum stress that steel can withstand before
rupturing. Moreover, the inter-granular stress predicted by
this model for the problem is in the range obtained by mate-
rial researchers [35], who measured the intergranular stress
by tensile straining carbon steels. The parameters β = 3 [23]
and αcs = 0.9 are chosen for the collision model.

The blast wave, the particle front trajectory, and the shock
overpressure are shown in Fig. 4, and the results are in good
agreement with experimental data. Also shown is the over-
pressure obtained from a homogeneous charge (NM) contain-
ing the same amount of high explosive as this heterogeneous
charge (NM/Fe). As observed, the momentum and energy
transfer to the particles results in a decrease in the overpres-
sure for the heterogeneous charge. It is observed that the
particles at the leading edge of the cloud attain a velocity of
around 1300 m/s in about 0.1 ms, and subsequently maintain
a constant terminal velocity. At around 0.9 m and 0.6 ms, the
particle cloud front is observed to overtake the shock wave,
and subsequently the leading particles slow down.

To understand the significance of using the JWL equation
of state to model explosives, another simulation was under-
taken incorporating the perfect gas equation of state. With
this approximation, the leading blast wave was faster, and
the shock overpressure higher, than that otherwise predicted
with the use of the JWL equation of state, not shown for
brevity. Thus, for the remainder of the study, the explosive
simulations are undertaken with the JWL equation of state to
model the behavior of detonation products.

To illustrate the flow topography, the sector grid showing
the gas pressure contour and the location of the particles at
0.38 and 0.98 ms are shown in Fig. 5. The particles lag behind
the blast wave at the earlier time, but some of them have over-
taken the blast wave at the latter time. The front of the particle
cloud is not a sharp interface due to the initial random distri-
bution of the particles. The minor “perturbations” observed
closer to the leading edge of the particle cloud in Fig. 5b
are presumably due to the initial random distribution of the
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Fig. 4 Detonation of a 11.8 cm diameter Nitromethane charge with a
dense loading of steel particles: a trajectory and b shock overpressure.
The experimental data is obtained from [4]

particles. Moreover, post-detonation photography from [4]
for the 463 µm particle size clearly indicates that the particle
cloud for this heterogeneous explosive combination is nearly
spherically-symmetric. For particles much smaller and
lighter, the presence of particle jets and instabilities is a well-
known feature of high-speed gas–particle mixtures; these
phenomena will be investigated in the near future. In this
study, we define the radius within which 98% of the particles
are contained as the average particle cloud front.

When an explosive charge is detonated, a detonation wave
propagates radially outwards within the charge. As this det-
onation wave reaches the charge surface, a blast wave propa-
gates outwards and an expansion wave inwards. The outward
moving blast wave decelerates and attenuates as it expands
radially outwards. The inward moving expansion accelerates
the flow outwards. In the heterogeneous case, this process
is accompanied by inter-phase drag (viscous and pressure)
effects, resulting in acceleration of the particle cloud out-
wards. During this process, the dense nature of the solid par-
ticle cloud creates inter-particle collisions/contact, resulting

Fig. 5 Flow topography at a 0.38 ms and b 0.98 ms. The legend denotes
the pressure field in Pa

in further outward acceleration of the particles. This is due to
the nature of the inter-particle forces trying to lower the bulk
density of the packed solid particles within the explosive
charge, which is accomplished only by a radially outward
acceleration of the solid particles. After the particle front has
propagated a distance of about 3–4 charge diameters, the vol-
ume fraction decreases to the dilute limit, and the inter-par-
ticle collision force becomes negligible. Furthermore, as the
particles propagate outwards, the momentum transfer time
scale increases due to three reasons: (1) decrease in the solid
volume fraction results in a decrease of the drag coefficient;
(2) decrease in the gas velocity results in a smaller velocity
difference between the gas and the particles, and (3) decrease
in the gas density. Due to inertia, the particles attain a termi-
nal velocity, which remains nearly constant for a significant
time, as observed by the near straight line trajectory of the
particle front in Fig. 4a.

It is of interest to study the magnitude of the forces acting
on the particles at early times, viz. the forces due to viscous
drag (CD), pressure drag (gas pressure gradient, ∂pg

∂xi
), and

inter-particle collision/contact (Ac,i ). To this end, in Fig. 6
we present the magnitude of the average acceleration/decel-
eration on all the particles due to these three forces. As evi-
dent, the average total acceleration on the particles is ∼ 5 ×
107 m/s2 at very early times (∼0.01 ms), with that due to
viscous and pressure drag being about 3–4 times that due to
inter-particle collision/contact. Subsequently, the accelera-
tion due to pressure drag decreases faster, as the gas pressure
gradients decrease due to flow expansion. By ∼0.15 ms, the
collision/contact forces become less significant in magni-
tude vis-à-vis the pressure drag, and both these forces are
about one order of magnitude smaller than the viscous drag
forces; beyond ∼0.175 ms, the collision/contact forces are
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Fig. 6 Average acceleration/deceleration due to viscous drag, pressure
drag (gas pressure gradient) and inter-particle collision/contact

two orders of magnitude smaller than the viscous drag; after
∼0.2 ms, the viscous drag forces emerge as the only signifi-
cant force on the particles, with the acceleration/deceleration
being about 104 m/s2. Thus, although the collision/contact
forces are significant only for the first ∼0.1 ms, these forces
play a vital role in the initial distribution of particles, in par-
ticular near the leading edge of the expanding particle cloud
where the collision/contact forces are more significant due
to the higher solid volume fraction gradient.

The leading particles catch-up with the primary blast wave,
as the latter has attenuated and slowed down owing to its
spherical spreading. The particles at the front of the cloud
overtake the primary blast wave and, subsequently, the
momentum transfer time scale decreases slightly as the veloc-
ity difference between the particles and the gas is suddenly
enhanced due to the ambient air being at rest. Thus, the par-
ticles that penetrate the blast wave are slowed down due
to aerodynamic drag, allowing for the blast wave to again
catch-up and overtake the solid particle front, as reported
in [4]; however, our simulation domain is not radially long
enough to capture this event. At the same time, the inward
moving rarefaction over-expands the flow, giving rise to a
secondary shock. This secondary shock is initially weak,
and is swept outwards by the expanding detonation prod-
ucts and solid particles. During this initial outward passage,
the strength of the secondary shock is augmented, as it prop-
agates into regions of higher pressure. Subsequently, the sec-
ondary shock implodes inwards, as the pressure near the core
has decreased considerably by the rarefaction wave. After
its reflection from the origin, the secondary shock propa-
gates outwards for the second time, and trails behind the
primary shock. More physics on the formation and the prop-
agation of the secondary shock is given in [36], albeit for a
homogeneous charge. Our study shows that the primary and
secondary shocks are slower for the heterogeneous charge
when compared with the homogeneous charge containing

the same amount of the high explosive by mass. Further-
more, the implosion of the secondary shock at the origin is
delayed by about 0.6 ms for the heterogeneous charge due to
the momentum and energy transfer to the particles.

3.2 Gas and particle momentum flux

It has been shown that the presence of particles results in
impulse augmentation due to momentum transfer [6]. To
demonstrate this phenomenon, the pressure and the momen-
tum flux profiles at 0.9 and 1.55 m are compared for the
homogeneous (NM) and heterogeneous (NM/Fe) charges
containing the same amount of high explosive in Fig. 7. The
pressure is lower for the NM/Fe charge when compared to
NM (Fig. 7a). With the addition of solid particles, momen-
tum and heat transfer from the detonation products to the
solid particles results in a slower blast wave for the NM/Fe
charge, and a corresponding lower pressure trace. The same
argument holds for gas momentum flux profiles in Fig. 7b and
c. It is observed that the solid momentum flux has a slightly
higher peak than the gas momentum flux at the 0.9 and 1.55 m
locations, contrary to the numerical predictions of [6]. This is
owing to an increased distribution of solid particles closer to
the leading edge of the particle cloud due to the gas pressure
gradient term in the solid momentum equation. Furthermore,
the solid momentum flux lasts for a longer time duration than
the gas due to its inertia, as also reported in [6]. In the cur-
rent EL approach, the absence of continuum modeling of the
solid phase results in a “noisy” solid momentum flux profile.

In order to better understand the transfer of momentum
from the gas to the particles, four different groups of particles
are considered. 100 particles initially occupying radial loca-
tions between (0.058 ± 0.001) m are randomly chosen, and
this group is named C58. Similar groups of 100 particles each
are considered, initially occupying radial locations between
(0.048 ± 0.001) m, (0.038 ± 0.001) m and (0.028 ± 0.001)
m and named C48, C38 and C28, respectively. The average
velocity of all the 100 solid particles belonging to each group,
and the average local gas velocity as seen by each group are
plotted in Fig. 8. It is seen that the terminal velocities can
be arranged as C58 > C48 > C38 > C28, with the differ-
ences narrowing down between adjacent groups at smaller
initial radial locations. This is due to an outer group being
more free to move outwards than an inner one, the latter
being constrained by the dense cloud of surrounding parti-
cles. The terminal velocity is reached within about 0.1 ms
for all the groups, indicating the preponderance of the inter-
particle interaction force, which is dominant at early times.
Another reason for the rapid attainment of the terminal veloc-
ity is because the drag coefficient (and drag force) on the
particles is higher in a denser cloud.

In Fig. 8, the diamond symbols indicate the times at which
half the number of particles belonging to the corresponding
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Fig. 7 Pressure (a) and momentum flux (b, c) profiles for NM and
NM/Fe charges at 0.9 m (a, b) and 1.55 m (a, c)

group have penetrated the shock front. As evident from the
figure, the average particle velocity of C58 and C48 groups
start to decrease after penetrating the shock front. C38 and
C28 are not observed to penetrate the shock front in the time
duration of study. From the average local gas velocity seen
by each group, it can be concluded that each group initially
encounters different average local gas velocities in the order
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Fig. 8 Flow field behind the blast wave: a average particle velocity
and b average local gas velocity for different groups of particles

C58 > C48 > C38 > C28. Particles closer to the outer sur-
face of the charge encounter higher local gas velocities due
to the rapidly expanding gas, caused by the inward mov-
ing rarefaction wave. After an initial plateau, it is observed
that the local gas velocities fall off, earlier (≈0.25 ms) for
C58, but slightly later for the other groups, due to the faster
travelling C58. For C58, C48 and C38, a second plateau is
observed in the average local gas velocity as they approach
the blast wave, but the two plateaus are coupled into one
for C28. This second plateau lasts only for a short duration
(≈0.25 ms) for C58, as the particles by virtue of being baster,
catch-up with the leading blast wave earlier. For the chosen
size of the simulation domain, the leading blast wave reaches
the outer boundary before C38 and C28 groups, and thus, it
could not be ascertained whether or not these inner groups
penetrate the leading blast wave.

3.3 Impulsive loading

The total deliverable impulse from a heterogeneous charge
can be estimated from the simulation data and typically, will
be due to three components, i.e., pressure, gas and particle
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momentum fluxes. These quantities can be integrated in time
to obtain the total deliverable impulse. Some investigators
[37,38] have considered the impulse due to excess gas pres-
sure and particle momentum only, while others have con-
sidered the bending of a cantilever rod to quantify impulse
[6]. Here, we consider the impulse deliverable to a “virtual
wall” since the physical wall is not included in the current
simulation. We define the total impulse (I ) as:

I =
∞∫

0

(
pg − po

)
pg>po

dt +
∞∫

0

1

2
ρgαgug

2dt

+
∞∫

0

1

2
ρpαpu p

2dt, (23)

where p0 denotes the ambient pressure. The impulse due to
pressure, gas and particle momentum fluxes are denoted as
Ip, Igm and Ipm , respectively. Ipm is computed as a summa-
tion over all the particles present in a small control volume
around the radial distance of interest. The total impulse and its
three components are shown in Fig. 9a, along with the ratio,
Ipm/Igm . The expansion of the gas and particle phases with
radius causes the total impulse to decrease. Ipm is larger than
Igm at all radius, by a factor of about 3.5–4.75. Similar trends
have been reported by other investigators [6]. In Fig. 9b,
the impulse between the NM and NM/Fe charges containing
the same amount of high explosive are compared at differ-
ent radial locations along with the ratio of the impulses for
NM/Fe and NM. As evident from the figure, impulse augmen-
tation for the NM/Fe charge over the NM charge decreases
from a factor of 2 in the near-field (∼4 charge dia.) to about
1.1 in the far-field ( 20 charge dia.). Thus, the advantage of
adding solid particles to an explosive charge is more pro-
nounced in the near-field, and asymptotes towards unity in
the far-field. At farther distances from the charges, the sig-
nificant slowing of the solid particles negates any impulse
augmentations, thereby tending the behavior of a heteroge-
neous charge to that of a point source homogeneous charge.

The impulse estimate in Fig. 9 are the final impulsive load-
ing delivered, i.e., obtained by integrating Eq. (23) up to a
large time. It does not represent the transient behavior, i.e.,
whether the impulsive loading felt by an imaginary structure
is sudden or gradual. To quantify this, the transient impulsive
loading is presented at 0.5 and 2.25 m in Fig. 10, obtained by
performing the integrations in Eq. (23) up to a certain time
instant. The total impulse, as well as its individual compo-
nents converge earlier at 0.5 m than at 2.25 m. At farther
distances, the gas and particle phases are slower, and hence
take a longer time to pass a given point, thereby resulting in a
longer time duration for the impulse convergence. Since the
blast wave arrives earlier than the particles at the 0.5 m loca-
tion, only the impulse due to gas pressure and gas momentum
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Fig. 9 Impulsive loading of a heterogeneous explosive: a total impulse
and its components and b comparison between NM and NM/Fe charges.
In a, the line with the circles represents the ratio between the solid and
gas momentum impulses and corresponds to the right y-scale; in b, the
line with the circles represents the ratio of the total impulses due to
NM/Fe and NM and corresponds to the right y-scale

contribute initially; subsequently, after the particles arrive,
their contribution takes over as the dominant component. At
this location, the passage of the primary blast wave raises
the pressure, but subsequently falls to sub-atmospheric lev-
els and low gas velocities, and thus all the pressure and gas
momentum impulse are delivered in a very short time (within
∼0.6 ms). On the other hand, the intermediate velocity par-
ticles take a longer time to pass the 0.5 m location, and thus
the impulse due to solid momentum converges later (∼2 ms).

At the 2.25 m location, the reverse is observed for the
early contribution to the total impulse. Since the particles
reach this location earlier than the blast wave, they are the
dominant early contributors; beyond about 3.5 ms, with the
arrival of the blast wave, the pressure impulse takes over as
the dominant contributor. Also at this location, the conver-
gence of the impulse due to pressure and gas momentum
occur almost at the same time (∼4.75 ms), but that due to
the particles is delayed until ∼7 ms. Due to the shifts of the
solid and gas phases as the primary contributor, the transient
total impulse at the 2.25 m location occurs in two phases,
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Fig. 10 Transient impulse and its components for a heterogeneous
explosive at radial locations: a 0.5 m and b 2.25 m

resulting in a sudden slope change observed in the total
impulse, indicated by the arrow in Fig. 10b. Thus, while an
imaginary structure at the 0.5 m location may destruct/deform
gradually, its response will occur in two phases at the 2.25 m
location. While most civil engineering structures may have a
slow response, solid propellants/explosives have faster
responses to the impulsive loading [39]. For instance, if the
heterogeneous explosive charge under study is used as an
igniter of a larger solid propellant/explosive, the transient
nature of the impulse can be very critical in its ignition. Here,
ignition is achieved by a combination of mechanical and ther-
mal stresses. For these studies, transient impulsive response
can be very critical in the ignition event.

3.4 Sensitivity to collision model coefficient

For the heterogeneous blast wave simulations performed hith-
erto, the collision model coefficient, Ps was chosen as
500 MPa, based on an order of magnitude analysis of the
drag and collision/contact forces on a particle. In order to
better elucidate the sensitivity of the results to the colli-
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Fig. 11 Effect of collision model: shock and particle front trajectories
for different collision/contact model coefficients (Ps ) (the results for
the 0 MPa case are nearly coincident with the 100 MPa case, and thus
the former are not clearly visible)

sion model coefficient, four other studies are carried out:
(1) Ps = 0 MPa, (2) Ps = 100 MPa, (3) Ps = 250 MPa
and (4) Ps = 1500 MPa. Figure 11 shows the primary blast
wave and the particle front trajectories for different values of
Ps so chosen, along with Ps = 500 MPa used hitherto. The
blast wave trajectory is nearly unaffected by the choice of
the collision/contact model coefficient, Ps for values in the
range 0–500 MPa. For Ps in the same range (0–500 MPa),
the particle front trajectory is observed to be only slightly
faster for the higher collision model coefficient, albeit not to
a significant extent.

From Fig. 11, for Ps = 1500 MPa, both the blast wave and
particle front trajectories are significantly faster. A value of
Ps = 1500 MPa is unphysically high and causes the particles
to travel much faster, as well as more concentrated towards
the leading edge of the cloud, due to the associated higher
collision/contact forces at early times (0–0.1 ms). Further-
more, Ps = 1500 MPa results in inter-granular stresses larger
than the ultimate strength of steel, resulting in the rupture of
the particles, unaccounted for in this study. Since the particle
cloud is initially lagging behind, the blast wave trajectory for
the case with Ps = 1500 MPa matches with the other cases
until about 0.6 ms, as the particles have no influence on the
blast wave until this time. However, beyond 0.6 ms, as the
leading particles get closer to the blast wave, they compress
the gas, which decreases the decay rate of the primary blast
wave. Due to the unphysically high particle speeds and con-
centration, this compression effect is strong for the case with
Ps = 1500 MPa. Indeed, we observe a second compression
wave (not to be confused with the secondary shock) in front
of the particle cloud as they catch-up with the blast wave,
not shown here for brevity. The presence of this compression
wave is more pronounced for Ps = 1500 MPa than for the
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Fig. 12 Effect of collision model on the solid momentum flux

other lower values considered due to the unphysically high
speeds and higher leading concentration of the particle cloud.

High values of the collision model coefficient (Ps) not
only cause higher particle speeds, but higher particle con-
centration near the outer boundary of the particle cloud. At
early times (0–0.1 ms), the ensuing particle collisions tend
to force the particles outward in the radial direction. That is
to say, near the center of the charge, inter-particle collisions
are equally likely in all directions; but for particles near the
cloud boundary, collisions are biased and tend to force the
particles outwards. Subsequently, as the particles reach far-
ther radial distances, the solid volume fraction approaches
the dilute limit, and the collision/contact force becomes neg-
ligible. However, since a few more particles are concentrated
closer to the outer boundary of the cloud at early times, this
distribution of particles is maintained even long after the col-
lision/contact force becomes negligible.

To understand the effect of the initial solid particle colli-
sions, the solid momentum flux profile is shown in Fig. 12
at the 0.9 radial location for Ps = 0 and 500 MPa. For
both cases, although the solid momentum flux begins to rise
around 0.6 ms at the 0.9 m location, the peak is marginally
higher when Ps = 500 MPa due to a greater particle con-
centration near the cloud’s outer edge. Due to this, the total
impulse is about 6% higher for Ps = 500 MPa than with
Ps = 0 MPa, primarily due to more particles accumulated
closer to the leading edge of the particle cloud (not shown
here for brevity).

3.5 Effect of particle size

The baseline numerical solution for this study is computed
for steel particles 463 µm in diameter in a 11.8 cm diam-
eter charge corresponding to a particle volume fraction of
62%. To better understand the effect of particle size on the
impulse characteristics of heterogeneous explosive charges,
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Fig. 13 Effect of particle size on the primary blast wave and particle
front trajectories. Experimental data is from [4]; experimental particle
front for the 275 µm size not available in [4]

we consider steel particles with diameters 50, 100, 275, 925
and 1500 µm, for the same charge diameter and initial par-
ticle volume fraction, and compare the results with those for
the baseline charge. Figure 13 shows the shock and particle
front trajectories for a range of the selected particle diame-
ters. As observed, the shock front is unaffected by the solid
particle size, but the particle front is observed to be slightly
faster for smaller particles. For instance, the trajectory of
the leading edge for the 275 µm particles is observed to be
100–150 m/s faster than that for 925 µm particles, correlat-
ing to a distance of 0.1–0.15 m over a time frame of 1 ms or
about one charge diameter distance. Although the authors of
[4] concluded that the particle front trajectory is insensitive
to the particle size beyond 275 µm, based on our numerical
results, we believe that the differences, although small, are
distinctive enough to conclude that smaller particles travel
faster than larger particles. At a radial distance of 12 charge
diameters, smaller particles will propagate about one charge
diameter farther.

Figure 14 shows the solid momentum flux profiles at the
0.9 m radial location for charges containing 463 and 925 µm
particle sizes. Since the 463 µm particles are slightly faster
than the 925 µm particles, the solid momentum flux starts to
rise earlier for the former. However, the peak solid momen-
tum flux is ∼15% higher for the 925 µm particles, as these
are slower and hence, slightly more concentrated in space.
Nevertheless, the impulse due to solid momentum is nearly
identical for the two particle sizes. Thus, larger particles are
characterized by a higher peak momentum flux of shorter
duration than for smaller particles, yet both provide nearly
the same contribution to the total impulse.

The total impulse for charges with different particle sizes
in the range 50–1500 µm are shown in Fig. 15a. Particle
sizes above 275 µm are observed to result in the same total
impulse, thus indicating insensitivity of the total impulse
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0.9 m

to particle size beyond 275 µm. This emphasizes that the
total impulse is directly related to the total mass of metal
in the charge for charges with particle sizes in the range
275–1500 µm. For the 50 and 100 µm size, the total impulse
is ∼8% higher than the larger particle sizes, as these small
particles pick up significant amounts of momentum from the
gas, and are more concentrated closer to the leading edge
of the exploding particle cloud. After these smaller parti-
cles penetrate the leading blast wave, they surrender most of
their momentum back to the gas, as they have lesser inertia
compared to the larger particles; however, by virtue of being
more concentrated closer to the leading edge of the particle
cloud, the total impulse is still superior for the 50 and 100 µm
particles.

In Fig. 15b, the three components of the total impulse, i.e.,
due to pressure, gas momentum and solid momentum, as per-
centage of the total impulse are shown at the 0.9 and 1.55 m
locations. The percentage of the pressure impulse is observed
to increase for all particle sizes from 0.9 to 1.55 m, while
the percentage of the gas and solid momentum are observed
to decrease between these two radial locations. As the gas
expands out farther, it slows down, and thus contributes less
from its momentum to the total impulse. As the solid particle
cloud expands radially outwards, its concentration decreases
as it disperses into more free space, and thus also contributes
less from its momentum at farther distances. The pressure
impulse is ∼28% of the total impulse for particle sizes larger
than 275 µm at the 0.9 m location, and decreases at the 1.55
m location from 57% for 50 µm to 45% for 1500 µm par-
ticles. Furthermore, the solid momentum flux contribution
increases with particle size at both locations, i.e., from 45 to
55% at 0.9 m, and from 20 to 42% at 1.55 m, as we increase
the particle size from 50 to 1500 µm. Owing to a higher iner-
tia, larger particles contribute more to the total impulse from
solid momentum than their smaller counterparts. Due to this
reason, the contribution from gas momentum flux decreases
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Fig. 15 Effect of particle size: a total impulse; b components of total
impulse expressed as a percentage of the total. The arrows in b denote
the left or right y-scale to which each curve corresponds to

at both locations with increasing particle size. Furthermore,
it is interesting to note the rapid changes in the individual
contributions of the different impulse components below the
275 µm particle size due to the significant slowing of these
smaller particles at farther distances.

3.6 Effect of initial volume fraction

In this section, we study the effect of the initial volume
fraction in the explosive charge. When fewer solid particles
occupy the same size charge, more volume is available to
the high explosive, and hence higher is the explosive mass
(and detonation energy). Thus, with a decreased initial solid
volume fraction, more explosive energy is available to drive
fewer solid particles. To illustrate the dependence of the
initial solid volume fraction, we consider the 11.8 cm dia.
charge with 463 µm dia. steel particles, the same collision
model coefficient Ps = 500 MPa, but with an initial solid
volume fraction αp,initial = 0.3, and compare it with the
baseline αp,initial = 0.62 charge. The trajectories of the lead-
ing blast wave and the particle front for these two charges
are shown in Fig. 16a, along with the experimental data
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Fig. 16 Effect of initial volume fraction: a blast wave and particle front
trajectories; b total impulse. In b, the line with the circles represents the
ratio of the total impulses due to αp,initial = 0.3 and αp,initial = 0.62,
and corresponds to the right y-axis

for αp,initial = 0.62 from [4]. As evident, the leading blast
wave and the particle front are significantly faster for the
decreased initial solid volume fraction αp,initial = 0.3, due
to the higher explosive energy available to drive fewer solid
particles. However, the distance required for the particle front
to overtake the leading blast wave is higher by ∼30% for
αp,initial = 0.3, contrary to the numerical predictions of [4].
We attribute these differences to the different initial condi-
tions used in the current paper; furthermore, experimental
data for αp,initial = 0.3 is not available in literature, and thus
the overtaking distance is not verifiable for the decreased
initial solid volume fraction.

Our study also shows that the peak pressure and gas
momentum flux profiles at a radial location are higher for
αp,initial = 0.3 vis-à-vis αp,initial = 0.62, as more explo-
sive mass is available for the former; however, the peak solid
momentum flux at a radial location is higher for the latter,
as more particles are available for the same (these results
are not presented here for brevity). Since this investigation
is primarily focused on impulsive loading aspects of hetero-

geneous explosives, we present the total impulses of the two
said initial volume fraction charges in Fig. 16b, along with
their ratio. As evident, the total impulse is only 6% higher
at the 0.5 m radial location for αp,initial = 0.3, but is 38%
higher for the same charge at the 2.25 m radial location. This
suggests that in the near-field, the impulse augmentation by
adding more solid particles to the charge can be easily com-
pensated by otherwise having more high explosive. However,
in the far-field, significant impulse augmentation is achieved
by substituting part of the solid volume in the charge with
the high explosive, as this excess gas phase energy enhances
the far-field impulsive loading. In the future, we will also
investigate whether these conclusions hold for other choices
of the metal in the initial charge, as well as other choices of
the high explosive.

4 Conclusions

Simulation of flow and particle motion associated with the
interaction of a blast wave with non-reacting particles in
a heterogeneous explosive charge has been investigated by
means of a three-dimensional simulation. This is achieved
with the use of a new Eulerian–Lagrangian two-phase model
capable of capturing the initial dense flow-field and the inter-
actions of particles with shock and the gas phase. Several
validation studies have been carried out to establish the accu-
racy of the hydrocode to emphasize the efficacy of the solver.
The pressure, velocity and momentum flux distributions are
used to estimate the total impulse at different radial locations.
The heterogeneous charge is found to deliver an impulse of
about two times a homogeneous charge containing the same
amount of high explosive in the near-field ( ∼4 charge dia.),
but only slightly more in the far-field (∼20 charge dia.).

At intermediate distances (∼4 charge dia.) from the ini-
tial charge, the gas and particles contribute simultaneously
to the total impulse, due to which the transient impulse rises
gradually. At farther distances (∼20 charge dia.), the parti-
cles provide the only initial contribution, and that of the gas
is delayed, due to which the transient impulse occurs in two
phases. This result has implications for the dynamic response
of structures subjected to the blast created by the detonation
of this type of charges. The particle collision/contact model
does not seem to have a significant effect on particle trajec-
tories at low to intermediate ranges, except for a case where
the collision model coefficient has been set to an excessively
high value. With a higher collision model coefficient (Ps),
slightly more particles are concentrated towards the leading
edge of the particle cloud, resulting in a higher peak solid
momentum flux, and consequently a higher impulse (∼6%).

The primary shock front is not affected by the particle size,
but some slight differences exist for the particle trajectory.
For particle size range 275–1500 µm, smaller particles travel
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slightly faster, albeit only to an extent of about a charge diam-
eter farther distance travelled at a radial location of about 12
charge diameters. For charges containing the same mass of
high explosive and metal, the total impulsive loading is insen-
sitive to the particle size for particle sizes beyond 275 µm;
however, the individual impulse components are sensitive.
Larger particles deliver a higher peak solid momentum flux,
albeit for a shorter time. While the pressure impulse per-
centage increases at greater distances, the gas and particle
momentum impulse percentages decrease. This result is true
for all of the particle sizes addressed in this study.

The present work has demonstrated a robust simulation
model that can be used to study the multiphase blast wave
created by the detonation of a condensed explosive material
loaded with a large mass of metal particles. Future studies
will focus on more detailed evaluation of the sensitivity of the
post detonation structure on the explosive initial charge con-
figuration, including the properties of the particles. Studies
to better understand the dependence of the impulsive load-
ing to the choice of the metal, initial volume fraction, and the
presence of reactive particles will be addressed in the near
future.
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Appendix A

For the solution of the half-Riemann problem at the multi-
phase contact, two unknowns, viz. p∗ and ρ∗ are to be solved
using the appropriate two relations for a compression or a
rarefaction, as the case may be.

Compression

For a compression, the equations are obtained from Toro
[40]. Consider the case of a right traveling shock wave and
an incompressible solid on the left. Let subscript ‘r ’ corre-
spond to the right state and superscript ‘*’ the interface. The
steady shock relations for a right travelling shock give

Mr
2 = ρg,r

(
p∗ − pg,r

)
Dr

Dr − 1
, (A-1)

where Mr is defined as

Mr = p∗ − pg,r

u∗ − ug,r
(A-2)

and Dr is the density ratio ρ∗/ρg,r across the shock. The
Rankine–Hugoniot relation is given by

e∗ − eg,r = 1

2

(
pg,r

ρg,r

)
(Hr + 1) (Dr − 1)

Dr
, (A-3)

where Hr is the pressure ratio p∗/pg,r across the shock.
Using the equation of state for the ‘*’ and ‘r ’ states, the vari-
ables e∗ and eg,r in the above equation can be replaced by
a function of the corresponding state pressure and density.
This gives rise to two equations in two variables (p∗ and
ρ∗), which are solved numerically. Similar expressions can
be obtained for a left travelling shock wave with the incom-
pressible solid on the right.

Rarefaction

For a rarefaction, the isentropic relation and Riemann invari-
ant are applied across the ‘*’ and left or right gas state, as the
case may be. The isentropic relation applicable for the JWL
equation of state is given by [19] as follows

pg = A exp

(−R1ρo

ρg

)
+ B exp

(−R2ρo

ρg

)

+C

(
ρo

ρg

)−(1+ω)

. (A-4)

The Riemann invariant for a left moving rarefaction, appli-
cable for a generic equation of state is given by

ug +
∫

ag

ρg
dρg = constant, (A-5)

where ag denotes the speed of sound in the gas. For a right
moving rarefaction, the ‘+’ is replaced by ‘−’. The above
two equations are applied for the ‘*’ and left or right state,
as the case may be, thus giving rise to two equations in
two unknowns (p∗ and ρ∗). These are numerically solved
to obtain p∗ and ρ∗.

For a perfect gas, the above equations simplify to close-
form expressions for p∗ andρ∗, thus simplifying their numer-
ical implementation.

Appendix B

Particle dispersion in a shock tube

Particle dispersion due to passage of a shock wave is a canon-
ical test case to establish the ability of the solver to capture
particle motion and dispersion (which requires proper drag
modeling) during shock-particle interaction. The dispersion
of a nylon particle (ρp = 1170 kg/m3) 2 mm dia. subjected
to a Mach 1.56 shock is investigated repeating an earlier
experimental and numerical study by Devals et al. [41], who
concluded that the particle trajectory and the velocity agree
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Fig. 17 Evolution of particle trajectory (left axis) and velocity (right
axis) with time. The experimental data is from [41]

with the drag law of Igra and Takayama [42]. Initialization
is based on a high pressure region, released at zero time and
allowed to expand. A domain of 3.75 m in the axial direction
and a cross-section of 8 cm ×8 cm is discretized using a grid
of size 375×8×8. No flux boundary conditions are used on
the shock tube walls. The particle trajectory and the veloc-
ity evolution with time are shown in Fig. 17. The present
study agrees well with the measured data and is consistent
with other model predictions of similar test cases. Since this
shock tube does not have an outlet, the shock reflects from
the end wall, which causes the particle velocity to level off
at later times (>3 ms), and the particle trajectory to follow a
near-straight line at later times.

Shock propagation through dust-gas suspension

The attenuation of a shock wave upon its passage through a
dilute gas–particle mixture is also studied using a drag law
applicable for this regime [43]. This is a well established test
case studied earlier using both experiments and numerical
modeling [44]. A shock wave of a prescribed Mach number,
Ms = 1.49 passes through a cloud of glass particles (27 µm
dia, ρp = 2500 kg/m3) initially occupying a mass loading
ratio, η = 0.63. The same shock tube geometry [44] is sim-
ulated using a no-flux boundary condition in the shock tube
walls, and supersonic outflow at the exit plane of the low
pressure region. Initialization is achieved by means of a high
pressure region that is then allowed to expand. Although the
experiments were performed in a circular cross-section shock
tube [44], we used a square cross-section, which should not
affect the results due to the one-dimensionality of the prob-
lem. A shock tube 7.81 m long is considered, with a cross
section being a square of side 5 cm, and is resolved using a
781 × 10 × 10 grid. Figure 18 shows the shock wave Mach
number as it propagates through the gas–particle mixture.
Also shown are the attenuation rates obtained by Aizik et al.
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Fig. 18 Planar shock wave attenuation in dust-gas suspension. The
experimental data is from [44]; the attenuation law is from [45]; the
other study is from [46]

[45], and numerical results obtained by other investigators
[46]. The shock wave attenuation predicted by the present
hydrocode is in good agreement with other studies.

Shock propagation through dense gas–particle mixture

In order to validate the Eulerian–Lagrangian DEM approach
implemented in the code, the problem of shock wave prop-
agation through a dense gas–particle mixture is investigated
and compared to available experimental data [47]. The prop-
agation of a Mach 1.3 shock into a cloud of glass particles
1.5 mm dia., and occupying 65% volume of a 2 cm thick bed
is considered using the drag law of Crowe et al. [25]. The
same shock tube geometry [47] is used with no-flux bound-
ary conditions along the side walls, and supersonic outflow
in the far extreme of the low pressure region. As before, the
initialization is based on a high pressure region to generate
the shock wave. The shock tube is 6 m long, with a cross-
section of 13 cm × 13 cm, and this is simulated using a
600 × 13 × 13 grid. The upstream and downstream pressure
traces are presented in Fig. 19, and the simulation results are
in good agreement. Also shown are the results obtained with
the DEM turned off, i.e., the simulation carried out without
any dense effects accounted (note that this is not physical
as the volume occupied by the solid particles is not blocked
for the gas). As expected, with the DEM off, the upstream
pressure is under-predicted and the downstream over-pre-
dicted, as without the blockage due to the solid particles,
more of the shock energy is transmitted downstream and less
upstream; also for the same reason, the transmitted shock
arrives at the downstream location about 0.4 ms earlier with
the DEM turned off. This study validates the DEM method-
ology and demonstrates the blockage effects in gas–particle
flows.
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Fig. 19 Pressure traces upstream and downstream of a dense particle
bed subjected to a shock wave. The experimental data is from [47]

Shock-induced dispersion of acrylic plastic clouds

To illustrate the significance of the just mentioned blockage
effect and the concomitant available shock energy upstream
and downstream of the particle cloud, we next consider the
problem of the dispersion of a cloud of acrylic plastic cloud
due to a Mach 2.8 shock wave in air. Experimental data for
this configuration can be obtained from [48], for acrylic plas-
tic clouds containing 300 µm dia. particles, with initial vol-
ume fractions (i) 0.1% and (ii) 3%, performed in a 6.5 m
long shock tube with a 52 mm × 52 mm cross section. We
simulate the problem with a 1250 × 10 × 10 grid using
Rankine–Hugoniot conditions to initialize the flow behind
the initial Mach 2.8 shock, and consider the two different
aforesaid volume fractions for the initial acrylic plastic par-
ticle cloud. We use the drag law from the numerical study
also performed in [48]. The trajectory of the left boundary
of the cloud as it disperses after interacting with the shock is
shown in Fig. 20; simulations are performed with the DEM
as well as turning off DEM. As evident, for a 0.1% initial
solid volume fraction, the dense approach is not essential as
the trends agree with experimental data, both with and with-
out DEM; on the other hand, for a 3% initial volume fraction,
the dispersion characteristics match better with experimental
data with the DEM. As seen in the previous test study, with
the DEM off, since accurate blockage to the flow of gas by
the particle cloud is not accounted for, the transmitted shock
and the flow behind it are stronger, thereby the dispersion is
faster in relation to the physical case with DEM, i.e., with
the blockage accounted for. From this study we conclude
that, whereas 0.1% can be treated dilute for simulations, 3%
initial volume loading requires the use of a two-phase meth-
odology. We note that although 3% may seem low in terms
of volume fraction, the passage of the shock compresses the
particle cloud resulting in solid volume fractions as high as
10%, thereby necessitating the use of the dense approach.
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Fig. 20 Dispersion of acrylic plastic clouds of initial volume fractions
(i) 0.1% and (ii) 3% by a Mach 2.8 shock. The experimental data is
from [48]

Another observation from Fig. 20 is that the dispersion is
more prominant for the 0.1% volume fraction cloud, as this
results in lesser blockage and therefore a stronger transmitted
gas flow.
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